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In this paper we present a new primitive variable method for the
solution of the three-dimensional, incompressible, Reynolds averaged
Navier-Stokes equations in generalized curvilinear coordinates. The
governing equations are discretized on a non-staggered grid and the
discrete continuity equation is replaced by a discrete pressure-Poisson
equation. The discrete pressure equation is designed in such a way that:
(i) the compatibility condition for the Poisson-Neumann problem is
automatically satisfied, and (ii) the discrete incompresibility constraint
is satisfied to, at least, truncation error accuracy while the computed
pressure is smooth. The momentum equations are integrated in time
using the four-stage Runge—Kutta algorithm while the pressure equa-
tion is solved using the point-successive relaxation technique. The
method is applied to calculate the turbulent flow field over a ship
model. The computed results are in very good agreement with the
experimental data.  © 1992 Academic Press, Inc.

INTRODUCTION

There are two major difficulties associated with the
numerical solution of the incompressible Navier—Stokes
equations, in primitive form, on non-staggered grids: (i) the
existence of a smooth solution for the pressure field, and
(ii) the satisfaction of the discrete continuity equation to
machine zero. It is well known, for instance, that on a non-
staggered mesh the Neumann boundary conditions for the
pressure should be implemented very carefully in order to
satisfy the integral compatibility constraint and guarantee
the existence of a unique solution for the pressure [1-3].
Moreover, an attempt to satisfy the discrete continuity
equation to machine zero may lead to non-smooth solutions
for the pressure (odd—even decoupling) [1, 4], while the
smoothness of the pressure field can be ensured at the
expense of the discrete incompressibility constraint [1-5].

On the other hand, staggered grid primitive variable for-
mulations—which have been extensively pursued by a large
number of researchers [6-10]—do not suffer, in general,
from the difficulties which are inherent in the use of
non-staggered computational meshes. However, when
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generalized curvilinear coordinates are to be employed, the
use of a staggered mesh increases considerably the storage
requirements. This is because the metrics of the geometric
transformation need to be computed and stored at the
center (pressure nodes) as well as at the interfaces (velocity
nodes) of each computational cell. This issue becomes
particularly important in three-dimensional, high Reynolds
number applications where large number of grid nodes are
required for the accurate resolution of the flow field.
Another difficulty, associated with the staggered mesh in
curvilinear coordinates, arises from the fact that the
discretization of the continuity equation requires the
contravariant velocity components at the interfaces of
the computational cell (velocity nodes). This problem can
be overcome at the expense of either: (i) storage and com-
plexity, by using contravariant coordinates [9], or (ii)
accuracy, by employing physical coordinates (cartesian,
cylindrical, etc.) and interpolate to complete the caiculation
of the contravariant velocity components at the cell inter-
faces [10, 11]. Finally, in generalized coordinates the use of
a staggered mesh does not by default guarantee the smooth-
ness of the computed pressure field. As discussed in
Ref. [11], odd-even pressure oscillations may occur if the
grid is highly clustered and special treatment of the discrete
pressure operator is required in order to eliminate them.
The above discussion suggests that the non-staggered
mesh has several advantages, particularly in three-dimen-
sional generalized coordinate systems, since it can reduce
storage requirements and simplify the programming of a
numerical method [127]. However, choosing to work with a
non-staggered mesh requires a very careful treatment of the
numerics in order to alleviate the difficulties associated with
it (already discussed) and take advantage of its benefits. In
Ref. [1] we addressed the difficulties related to the use of
the pressure-Poisson approach on a non-staggered grid and
we proposed an optimum way to derive a discrete pressure
equation. The optimum—among the conventional non-
staggered pressure-Poisson formulations [2, 3, 5]—discrete
pressure equation [1] was designed to: (i) satisfy auto-
matically the compatibility constraint, and (ii) minimize
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the error in the discrete continuity equation with the com-
puted pressure being smooth. However, our analysis was
restricted to uniform, cartesian grids.

The main objective of the present paper is to use the ideas
of Ref. [1] to develop a method for the solution of the
incompressible Navier—Stokes equations in generalized
curvilinear coordinates. The discrete continuity is satisfied,
through the solution of a discrete pressure-Poisson equa-
tion, up to an artificial source term. This artificial source
term is at least second order (truncation error of the
method) and its size is the minimum required to guarantee
the smoothness of the computed pressure field. The momen-
tum equations are integrated to steady state using the four
stage explicit Runge-Kutta scheme [13]—enhanced with
local time stepping and implicit residual smoothing [14]—
while the pressure equation is solved using the successive
point relaxation method. The Runge-Kutta scheme has
been widely used for solving compressible [13, 15] as well
as incompressible (in conjunction with the artificial com-
pressibility method) [16] flowfields in two and three dimen-
sions. Although explicit, it is a scheme that is competitive
with implicit approximate factorization techniques (espe-
cially in three dimensions) because: (i) it can be easily vec-
torized and parallel processed, and (ii) the implementation
of implicit residual smoothing allows the use of CFL
numbers (Courant, Friedrich, and Lewis) similar to those
used with multidimensional implicit schemes [16]. In the
present study, the Runge—Kutta scheme is used for the first
time in conjunction with the pressure-Poisson approach.

To demonstrate the efficiency and the ability of
the method to produce a smooth pressure field and a
“practically” divergence-free velocity field in generalized
curvilinear coordinates, we apply it to calculate the three-
dimensional, turbulent flow field around a ship model
(Wigley hull). The computed results are in very good agree-
ment with the experimental data.

GOVERNING EQUATIONS IN GENERALIZED
CURVILINEAR COORDINATES

The three-dimensional, time dependent, incompressible
Reynolds averaged Navier-Stokes equations are written in
cylindrical polar coordinates (x, r, ¥8) and then transformed
to body fitted, generalized curvilinear coordinates (&, 1, {).
The Jacobian J and the contravariant metric tensor {g”}
of the geometric transformation (x,r, r8)— (£, 1, ) are
defined as

¢e & S
;
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g”=é;5_’¥+§’,éi+ﬁé’9£{, for i,j=1,2,3, (1.2)

where (&', &% &%) > (&, 1, {). The transformed governing
equations, continuity and momentum, read as follows:

Continuity equation,

o /U o 0
126050 =E))e @
Momentum equation,
0Q 00 00 00
= 4= = =
a1 + a'£+B(9,7+Cac
0Eul aEuZ 6Ev3
H-— —H,=0.
+ J|: PE o + 6{] H, (3)
In the above equation, Q is the velocity vector,
Q= (u,v,w)" (3.1)

where u, v, and w are the axial, radial, and tangential

velocity components, respectively. The matrices 4, B, and

C, in Eq. (3), are diagonal matrices defined as
A=diag(U, U, U)
B=diag(V, V, V)
C=diag(W, W, W),

(3.2)

where U, V, and W are the contravariant velocity
components in the £, n, and { directions, respectively,

U"=ué;+véﬁ+%5§, for i=1,2,3,  (3.3)
with (U', U U?)— (U, V, W). The viscous flux vectors
E,, E,,, and E ; which appear in the momentum equa-
tion (3), read in compact notation as

Cell+ g ut(n i+ g uy + (L L1+ g¥) u+ Sy
(& &+ ") v+ (0,8l + %) v, + (L& + 87) v + Sy,

<

Ey=7 (# éoé{,+g”> w5+<% naé{}+g2’> Wy
+(f—2cgcg+g3f> Wt S,
for j=1,2,3, (4)
where
Slj=§£R21+'}ééR3l (4.1)
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. | w
Sy=EiRit & Ru=") (42)
, ) 1/2v . .
53,:5§R13+51R23+;(75é—wéi> (4.3)
Ry=u;l +upn, +ul, for i j=1,2,3 (44)
(', 4%, u?) = (u, v, w) (4.5)
(x1, x5, X3) > (x, 1, 6). (4.6)

Finally, the source vectors H and H,, in the momentum
equation (3), are given by the expressions:

i.VP§+’1XPY]+C,\’PC

w2

é'P§+r’rP'7+C"P§_T

1
;(59P5+7]0P,,+C9P{+WU)

and
(6)

Finally, v, is the total kinematic viscosity

1

v,=v,+ ﬂ’ (7)
where Re is the Reynolds number of the flow and v, is the
-eddy viscosity which is introduced through the Boussinesq’s
hypothesis to model the Reynolds stresses. In the present
work we compute the eddy viscosity using the algebraic
model of Baldwin and Lomax in its original form. The
details of the model can be found in Ref. [17].

Note that, although we use the pressure-Poisson
approach to satisfy the continuity equation (2), we do not
derive the pressure equation in this section. The reason is
that we want to stress the importance of deriving a discrete
pressure equation from the discrete approximations of
Egs. (2) and (3). The derivation of the discrete pressure
equation is given in the following sections.

NUMERICAL SOLUTION PROCEDURE

In this section we present a method to integrate numeri-
cally the three-dimensional equations from an initial guess
to a steady state. The governing equations (2) and (3) are
discretized on a non-staggered grid and the continuity equa-
tion is replaced by a Poisson equation for the pressure. The
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time dependent momentum equations are integrated in time
using the four-stage, explicit Runge-Kutta scheme.
The pressure equation is solved by the point-successive
relaxation method.

(a) Discretization of the Governing Equations

To discretize in space the momentum equations (3), we
use three-point central finite differencing for the pressure
gradient and viscous terms, while we employ second-order
upwind differencing for the convective terms. The upwind
differencing of the convective terms eliminates the need for
adding artificial dissipation terms, to the right-hand side of
the momentum equations, to stabilize the numerical
algorithm. This is due to the fact that a fixed amount of
dissipation is inherent in the upwind differencing,

Referring to Fig. 1, we give discrete approximations of
convective, pressure gradient and viscous terms, which
appear in Eq. (3), as

Ju 1 u
I:Ua—é:|i‘j,k=‘2‘(|Ui,/,k| +U; i) S uju

1
_E(lUi,j,k| ~U ;) 6¢+ui,j.k
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FIG. 1. Three-dimensional computational cell.
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where
0E( )= igf[ 30)iju+40)is 16— Oz 2]
(8.1)
O )ijw=577 Aé [Oixtue= Oz 1] (8.2)
8 ),-,,-,k=zlg [O 12— Oz 2,k ) (83)

The continuity equation (2) is discretized using three-point
central finite difference approximations. For the sake of
convenience we define the discrete divergence operator as

U
onceua-o[o(9) +0(3) (%)}

(8.5)

where Q is the velocity vector, defined in Eq. (3.1), and U,
V, and W are the contravariant components of the velocity,
given in Eq. (3.3).

Applying the Runge-Kutta scheme [13] to the system
of the governing equations (2) and (3), we obtain (for
[=1,2,3,4)

DIV[Q;;,1=0 ©)

i,j,kz Lk alAtzijstjk (10)

[T L]

In the above equations, the superscript “#” denotes the time
step at which the solution is known, while the superscript
“I” denotes an intermediate time level (or iteration level)
used to advance the solution from time step “n” to time step
“n+1" (we designate Q'=Q" for /=0 and Q'=Q"*! for
[=4). For the four-stage scheme, the coefficients a,/s are
% 3, 1,and tfor /=1, 2, 3, 4 in sequence. The RHS term, in
Eq. (10), denotes the discrete approximation of the right-
hand side of the momentum equations (3) at the node

(i, J, k):

Q9 ,00 09
RHS=4 —+ B + C—
¢ o
O0E, OE,, OFE,;
H— H,. (101
eit=g| e GRS e o
Also, 4t, ,, in Eq. (10.1) is the time increment which, for

reasons we discuss later, varies in space (local time
stepping). For the sake of convenience, however, in the rest
of our analysis we drop the (i, j, k) subscript.

The major difficulty associated with the solution of the
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system of the discrete governing equations (9) and (10), is
the absence of the time derivative of the pressure from the
continuity equation (9). Clearly, the continuity equa-
tion (9) is not an evolution equation, which can be used to
advance the pressure field in time, but it is rather a
constraint imposed on the velocity field. However, the
pressure —whose gradient appears in the right-hand side of
the momentum equations—serves as the only degree of
freedom we can use to satisfy the incompressibility con-
straint. Therefore, we need to replace the discrete continuity
equation with an equivalent discrete equation for the
pressure which takes into account the important interaction
between pressure and velocity fields. On a non-staggered
grid, such an equation must lead to: (i) smooth solutions for
the pressure, and (ii) the satisfaction of the discrete con-
tinuity equation (9), within acceptable numerical accuracy.

(b) The Pressure-Poisson Equation

In order to derive an equation for the pressure, let us first
write out the three scalar momentum equations, implied by
Eq. (10), in the form

wi o =uy =0 A5+ (E0+n b, + 0 ) P!
Ui,j,k=v:‘1,j,k—alAt[ij,k+(€r6£+’7r5n+C75()Pi.j,k]171

Wi =Wl —a At
1—1
x[ it b+ ad 4 L0 g)P,,k] o

where f}, , for example, contains the discrete approxima-
tions of the convective and viscous terms which appear in
the £&-momentum equation.

Using Egs. (11), along with Eq. (3.3), we can eliminate
the velocity components, at the “/” level, from the discrete
continuity equation (9). Doing so, we arrive at the discrete
pressure equation,

1
JA[szk][ l——_DIV[Q[jk] Ja.lil

i, j.k>

(12)
where
ALP; ;)= {5-5 [# (g"0:+g"%0,+ glséc)]
+9, li? (g0, + g%, + g235¢)]

At
+ 0, [—J— (g70:+ g>6,+ 83356)]} [Pl
(12.1)
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and

b G en s

ik

["7 (&, 154, f”+Cf4]

i, j.k

["—J zgf<+n9f"+cgf4>] L (122)
f,j,k

For reasons which will become apparent in the process of
our analysis, we decompose the pressure operator,
Eq. (12.1), into two parts,

A[Pf,j,k:l:L[Pi,j,k]+N[Pi,j,k], (12-3)

where L[ ] contains the three orthogonal terms in
Eq. (7.1),

11 22
g At At
L[P,‘,‘k]={55< > 5§>+5,,<g1 5,,)

33 At
+5C<gj 54>} [P, ]

while N[ ] contains the remaining six cross-derivative
terms, which result from the non-orthogonality of the
coordinate Iines.

Equation (12) is a second-order, elliptic equation for the
pressure field which we can use instead of the discrete
continuity equation (9). Before we proceed any further,
however, we have to make sure that solving Egs. (11) and
(12) is equivalent to solving the original system of Egs. (11)
and (9). In other words, will the velocity field, which results
from the solution of Eqgs. (11) and (12), satisfy the discrete
incompressibility constraint, Eq. (9)? The answer is easy if
we employ the same arguments used in Ref [1] for
Cartesian coordinates. The discrete pressure equation (12)
is derived from the discrete continuity equation (9) b
employing the discrete momentum equations (11) at the
nodes, where they are driven to steady state. Therefore, as
the solution of Egs. (11) and (12) approaches a steady state,
the discrete divergence operator (Eq. (8.5)) approaches
zero. However, the satisfaction of the discrete incom-
pressibility constraint is materialized without the computed
pressure being smooth. To make this point clear, let us write
out one of the terms appearing in the pressure operator,

Eq. (12.1), as

(12.4)
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11 Al
55 (g_J— 55) [Pf,j,k]
1 gt At
= P. ,
4Aéz{< J > ek
”At “At
(), (), e
J i+ 1k J i— 1k
11
g At
P- 9 g .
+< J )il,j,k ’_'"]'k}

Such a discretization of the pressure operator produces a
pressure field which suffers from odd-even decoupling
(checkerboard instability). Therefore, the result of our
analysis for three-dimensional, curvilinear coordinates is
similar, as one would expect, to the result obtained in
Ref. [1] for cartesian coordinates. Namely, on a non-
staggered grid the system of the discrete equations (11) and
(12) need not have a smooth solution. As a matter of fact,
our numerical results indicate that for complex, three-
dimensional geometries there may not exist a solution at all,
since the oscillations in the ressure can destabilize the entire
numerical procedure. Thus, in order to guarantee the
existence of a smooth solution, for the discrete Navier—
Stokes equations, we have to set aside the idea of satisfying
the discrete continuity equation to machine zero [1, 3]. In
Ref. [1] we modified the discrete continuity equation by
adding to its right-hand side an artificial source term, the
size of which is the minimum required to guarantee the
existence of a smooth pressure field. The order of this source
term is at least equal to the order of the truncation error of
the finite difference approximations and, thus, it does not
deteriorate the formal accuracy of the solution.

To extend our method [1] to generalized curvilinear
coordinates, we first note that the artificial mass source in
cartesian coordinates can be interpreted as the difference
between the two discrete approximations of the Laplace
operator for the pressure: the one that results by discretizing
over 24x (invloving the nodes i + 1, 7, and i — 1) and the one
that results by discretizing over 44x (involving the nodes
i+2, i, and i — 2). Following this interpretation we seck, in
generalized curvilinear coordinates, to satisfy the discrete
“continuity” equation,

DIV[Q //\]_SJ(L L)[Pljk:]’

(13)

(14)

where ¢ is a positive constant (¢ < 1), used to control the size
of the source term. The operator L is defined in a similar
fashion as the operator L (see Eq. (12.4)) as

1" 22
- ~ (g At & ~ (87 At =
L[Pi,j,k]={5£<—J_5§)+5n< 7 5rl>
33
~ (g7 At &
0 0
+ ¢< -

g)} )

where 35, 5,,, and 35 are given by Eq. (8.4).

(14.1)
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The source term, in the right-hand side of the discrete
continuity equation, is proportional to the difference
between the two discrete approximations of the orthogonal
part of the pressure operator (see Eqs. (12.3) and (12.4)):
the one that results by discretizing over 24¢ and the one
that results by discretizing over 44£. The reason that we
include only the orthogonal terms of the pressure operator,
in the artificial mass source, is that these terms—as numeri-
cal experiments indicated—are sufficient to guarantee the
smoothness of the pressure field. Therefore, the inclusion of
the non-orthogonal terms in the right-hand side of Eq. (14)
would only contribute to additional error in the discrete
continuity equation.

In order to bring the source term in Eq. (14) to a form
which resembles the source term used in Ref [1], for
uniform cartesian coordinates, we use Egs. (14.1) and (12.4)
to obtain

- eJ oAy
eJL—L)[P,, 1= = A&s&(g 5@:)
4 7
22
g At
+An? 5, (—J— 5,,,,)

g33 At

A6, (T 5::)} [P..] (I5)

where

Lo =20 i+ 0 )ioi
(4¢) .

Se[ 1= (15.1)

To derive Eq. (15), we used averaging to compute the coef-
ficients (coefficients inside the derivatives in Eq. (15)) at the
half-grid nodes, where they are needed for the discretization
of the L operator. As can be seen from Eq. (15) the source
term is at least second order in the transformed computa-
tional domain. Therefore, the formal acuracy of the method
is not deteriorated. Also, it is easy to show that, for uniform
cartesian grids, the right-hand side of Eq. (15) becomes
identical to the source term of Ref. [1].

Using Eq. (14) along with Eq. (12.3) and the momentum
equations (11), we derive the following discrete pressure
equation:

(1—¢) L[PI; 11+ eL[ P11+ NLP; ]

1
=a—1DIV[QZj,k]—Gf,},i- (16)
The discrete pressure operator (left-hand side of Eq. (4.39))
couples together—for sufficiently large values of the ¢
parameter—the odd and even nodes of the pressure. This
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can be seen, if we write out a typical term of the pressure
operator as

[(1—2) 8:(B0:) +83c(B3)ILP, 1]
= [(1 ) ﬂ—k-] Piisut [e Proszin ”“*] Piii

44 48
_ |:(1 —¢) Bis l,j,z;élji Lk
+sﬁ”“/2’f’;2ff41/2,j,k] P
+ [’5 ﬂ_lﬁ} Pt

+[(1 —s)ﬁ’:ﬂ] P, sk (16.1)

4482

where

p=g' A1/l (16.2)
Our numerical experiments indicate that, values of ¢ of the
order of 0.05 are sufficient to guarantee the existence of a
smooth pressure field and consequently the stability of the
numerical procedure (see results and discussion section).

(b.1) Boundary Conditions for the Pressure Equation

A well-posed boundary value problem, for the elliptic
pressure equation (16), requires the specification of the
boundary conditions on all the boundaries of the computa-
tional domain. However, the specification of a proper set of
boundary conditions for the pressure is not a trivial task,
since the system of the governing equations (2) and (3) is
usually closed with boundary conditions on the velocity
field. Gresho and Sani [ 18] investigated the problem of the
pressure boundary conditions and derived the relevant
pressure equation for nodes near or on the boundary of
the computational domain. They also proved that “the
Neumann boundary condition (normal momentum equa-
tion on the boundary) is always appropriate for the
pressure-Poisson equation.”

In this section we derive the relevant discrete pressure
equation (for the proposed formulation) for grid nodes near
the boundary of the solution domain and we show a simple
way to build in the discrete pressure equation (16) all the
different relevant boundary forms encountered in a three-
dimensional domain. For that matter, let us consider the
discrete continuity equation written as
Vi

24y

U! U!

i+1 i—1

“ﬁ—1+ W2+1_W§cv1=1
24¢

24¢ 7¢

J i, j ks
(17)
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where d is the artificial mass source of Eq. (14). Note that at
nodes next to the boundary we do not include, in the artifi-
cial source term, terms whose evaluation would require
nodes outisde the computational domain. For example,
next to a ¢ = constant boundary we neglect the &-direction
derivative (see Eq. (15)).

The general form of the pressure equation which can be

Un+l U"’,I
i i At 4 — ¢ =1
——_2A6 ZAé [( NM ),+1 (AtNM )1 1]
V’7+1—V7'_1__1_
24n 24n
x [(4t NM");, | — (4t NM"),_ ]!
_+_Wk+1_Wz~l_L
24¢ 24¢

X [(dt NM*), = (At NMF), ;] "= dfjll\” (18)

where NM*, for example, is the normal to a ¢ = constant
surface steady state momentum equation. Let us assume
now, that a £ = constant boundary is located at (i — 1, j, k).
Since boundary conditions are specified on the velocity, the
é-contravariant component of the velocity is known at
(i—1, j, k) for all instants in time:

Ul =U, =U,_,. (18.1)

Therefore, in order to derive a pressure equation from the
discrete continuity equation (17) we do not need to employ
the momentum equations at (i—1, j, k) [18]. In other
words, incorporating Eq. (18.1) in Eq. (17) and using the
momentum equations for the nodes where the velocity is not
specified, we obtain

Ul —Uioy

i+1

1
==di7l.
2416 i, j.k

(4t NMST1+ - 7

~34e (18.2)

In Eq. (18.2) we omitted the »- and {-direction derivative
terms which remain the same as in Eq. (18). Equa-
tion (18.2) is the relevant discrete pressure equation for a
node next to a & =constant boundary. In a three-dimen-
sional domain, there are 24 different boundary forms of the
discrete pressure equation, the programming of which can
be quite complicated. However, all the complications can be
avoided if we note that Eq. (18)—which holds for any
interior node—reduces automatically to Eq. (18.2)—which
holds for a node adjacent to a £ = constant boundary—if we
set the time increment At equal to zero at the boundary
nodes. By doing so, we can program the discrete pressure
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equation (16) (or, equivalently, Eq. (18)) the same way at
every computational node, adjacent or not to the boundary,
since the various relevant forms of the pressure equation for
nodes next to the boundary are recovered automatically.
To calculate the pressure values at the boundary of the
solution domain, we employ the normal momentum equa-
tion [1, 18] (Neumann condition). At a ¢&=constant

1
ST [—gi{zj,kén(Pi,j,k)

ijk

gl I kéf(Pl /k) + Fi./-k]’

54} (Pt,j,k) =
(19)

where F* contains velocity terms. The one-sided derivative,
in the left-hand side of Eq. (19), is forward/backward for a
left/right £ = constant boundary.

Finally, we can ecasily show that the compatibility
condition—which is necessary for a solution to exist—is
automatically satisfied. The proof is a straightforward
extensionof the detailed proof we gave in Ref. [1].

(¢) Summary of the Numerical Algorithm and
Convergence Accelaration Techniques

9

Assuming that we know the solution at the “»” time level,
the solution at the “n + 1” time level is obtained through the
following steps:

(1) Compute /<, f", and f* (see Egs. (11)) at the “/— 17
stage.

(2) Compute the right-hand side of the pressure equa-
tion (16) (see Egs. (8.5) and (12.2)).

(3) Solve the pressure equation (16), using the point-
successive relaxation method, to obtain the pressure field at
the “/— 1” stage. Since we are interested inthe steady state
solution, only one iterationis performed on the pressure
equation.

(4) Using the already computed f*, /", and f° terms
(step (1)), along with the new pressure field (step (3)),
compute the right-hand side RHS (see Eq. (10.1)) of the
momentum equations.

(5) Update the velocity field using Eqs. (11).

For the four-stage Runge-Kutta scheme the steps (1) to (5)
are repeated for /=1, 2, 3, 4, since Q'=Q"* ' for /=4

As we have already mentioned, the %, /", and f* terms
contain convective and viscous terms. In order to save
computational time, the viscous part of the above terms is
updated only at the first stage of the four-stage procedure
and kept constant through the subsequent three stages
[15]. Also, in the iterative procedure described above
(steps (1) to (5)for /=1, 2, 3, 4) a total of four iterations is
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performed on the pressure equation per time step. Numeri-
cal experimentation showed that updating the pressure only
once per time step does not affect significantly the con-
vergence rate of the iterative procedure. Therefore, in order
to save computational time we chose to update the pressure
only at the first stage of the four-stage scheme.

To enhance the convergence rate or the time marching
procedure we employ the local time stepping technique
along with implicit residual smoothing. The time increment
is computed and stored for every node at the beginning of
the marching procedure as

At ,=CFL A4S, 4,

where

. ASi,j,k = min(\/éja \/g—z;a \@;)

In the above equations, CFL is the Courant-Friedrich—
Lewis number, which is held approximately constant at
every node in order to maximize the local damping of the
error. Also, g,;, g,,, and g,; are the components of the
covariant metric tensor which represent the local arc lengths
in the ¢-, #-, and {-directions, respectively. As we discussed
in the previous section, the time increment is set equal to
zero everywhere at the boundary nodes in order to facilitate
the application of the pressure boundary conditions.

The implicit residual smoothing was first proposed by
Lerat (see, for example, [19]) for use with the Lax-
Wendroff scheme and was later adopted by Jameson [14]
to accelerate the convergence of Runge-Kutta schemes. In
the present study we apply implicit smoothing only to the
residual of the momentum equation. More specifically, the
residual calculated in Eq. (10) is smoothed by the constant
coefficient implicit operator to define a new residual:

(20)

(1—&.6:)(1—e,8,,)(1 —¢,0,,) RHS'=RHS’. (21)

The constants &,, €,, and g, are smoothing parameters
which are of the order of one and their subscripts indicate
that they can be choosen differently for each spatial direc-
tion. Equation (21) is solved using the Thomas algorithm
and the smoothed residual replaces the residual RHS in
Eq. (10). The implemantation of the implicit residual
smoothing in the four-stage procedure allows the use of
much higher CFL numbers and consequently leads to a
significant accelaration of the convergence rate.

RESULTS AND DISCUSSION

To validate the generalized coordinate version of our
method we apply it to calculate the three-dimensional, tur-
bulent flow over a ship hull—the parabolic Wigiey hull. The
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geometry of the Wigley hull is described in Ref. [20]. In this
section we describe the calculation procedure and we pre-
sent a sample of the computed results, without emphasizing
the physical features of the computed flow. Our main objec-
tive is to demonstrate the ability of our method to drive the
discrete divergence equation as close to zero as it can be
with the computed pressure being smooth. Calculations
over other more complex ship models, which have been
already completed, along with a detailed discussion of the
physics of ship stern and wake flows will be presented in a
forthcoming publication.

The physical and computational (transformed) domains
are depicted in Fig. 2. The upstream and downstream boun-
daries are located at x/L =0.5 (midships) and 2, respec-
tively, while the outer boundary are located at r/L =0.5,
where L is the length of the hull. At the inlet of the computa-
tional domain (4BCD) we specify the velocity components
from experimental data [19]. The water surface (ABFEQ’),
the keel plane (DLKGC), and the wake centerplane
(O’'LKE) are symmetry planes and, therefore, we apply
symmetry conditions there. At the exit plane (EFGK) we set
the streamwise diffusion to zero, ie., uz=v,e=w, =0,

CI
FIG. 2. Physical and computational domains.
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FIG. 3. Convergence history for the residual of the é-momentum
equation.

while at the outer boundary (BCGF), we set u,, =v,, =
w,, = 0. Finally, on the hull surface (4DLO’) we apply the
no-flux and no-slip conditions.

To generate the computational grid, we set £ = x [10, 21]
and specify the desired axial locations of the cross planes.
Then we generate a two-dimensional mesh in every cross
plane, using the GRAPE method [22]. We complete the
three-dimensional grid by connecting the corresponding
points of every cross plane. We stretch the grid in the axial
direction (around the end of the stern x/L = 1), in the radial
direction (near the hull surface), and in the girthwise direc-
tion (near the keel and water surfaces), using the hyperbolic
tangent distribution function. Calculations are performed
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FIG. 4. Convergence history for the average change, between
iterations, of the dilation.
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FIG. 5. Convergence histories for the residual of the £-momentum
equationon grids I, I1, and III.

on three grids: (i) grid I with 50 x 31 x 16 nodes, (ii) grid 11
with 50 x 41 x 16 nodes, and (iii) with 60 x 41 x 16 nodes in
the axial, radial, and girthwise directions, respectively. The
first coordinate surface (= constant) just off the hull is
located—almost everywhere—at y* <20 for grid I and
y* <7 for grids IT and III. The stretching ratio is kept
less or equal to 1.3 in all spatial directions and for all the
three grids. The Reynolds number of the calculations is
Re =4.5x 10°, based on L and the freestream velocity. All
the computed results presented here have been obtained,
unless otherwise indicated, on grid II.

The calculations are performed on a CRAY-YMP
machine and the CPU time per grid node per iteration is
2x107°s for the unsmoothed. The application of the
implicit residual smoothing, which requires the solution of
a scalar tridiagonal system for each one of the velocity com-
ponents, increases the above time by approximately 10 %.

FIG. 6. Grid dependence study.
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FIG. 7. Variation of the pressure coefficient and the friction velocity
along the waterline.

For the unsmoothed scheme the maximum CFL number for
stable calculations is 0.7 while the implementation of the
implicit residual smoothing (e, = 0.6, ¢, =€, =0.25) allows
us to use a CFL number equal to 2.5. The parameter ¢ in
Eq. (16) is set equal to 0.05 since lower values cause
instabilities and the solution eventually “blows up.” Also, all
calculations are performed using an underrelaxation factor
of 0.5 for the solution of the pressure-Poisson equation.
Note that we do not make any effort to optimize the
parameters which determine the convergence characteristics
of the method, namely the CFL number, the implicit
smoothing constants, and the underrelaxation parameter
for the pressure equation.

The convergence of the L1-norm of the residual of the
E-momentum equation (for grid IT) is shown in Fig. 3 for
both unsmoothed and smoothed schemes. As can be seen,
the unsmoothed scheme converges twice as fast as the
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unsmoothed one. Moreover, the unsmoothed scheme does
not achieve the level of convergence achieved by the
smoothed scheme. Clearly, therefore, the implementation of
the implicit residual smoothing makes the Runge-Kutta
scheme efficient and very effective in handling “stiff” com-
putational meshes (meshes with very high aspect ratios) as
those encountered inturbulent flow calculations.

The effect of implicit residual smoothing is even more
impressive in the convergence of the continuity equation.
Figure 4 shows the convergence of the average, over all the
grid nodes, change between iterations of the dilation for
both the smoothed and unsmoothed schemes (grid IT). The
smoothed scheme converges twice as fast as the unsmoothed
one and yields a steady state average dilation (see Eq. (8.5)
for the definition of the dilation) of 8 x 10~ in 4000 time
steps. The unsmoothed scheme in the same number of itera-
tions yields an average dilation of approximately 5x 107,
This difference in the steady state average dilation is due to
the different levels of convergence of the momentum equa-
tions. To make this point clear we refer to Eq. (18)—which
is another form of the pressure-Poisson equation. As it can
be seen from Eq. (18), at any instant in time the dilation is
equal to the divergence of the steady state momentum equa-
tion plus the artificial source term. At steady state the
dilation is driven, at every node, to the artificial source term
provided that the three components of the momentum
equation are fully converged. For the unsmoothed scheme
the momentum residuals never reach full convergence and
therefore they contribute to an additional error in the
dilation.

As a conclusion we can say that the implicit residual
smoothing, althoug it is applied only to the momentum
equations, has a very positive impact on the satisfaction of
the discrete continuity equation. However, we should note
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FIG. 8. Variationof the axial velocity component along the wake centerline.
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FIG. 9. Girthwise variation of the pressure coefficient and the
skin-friction at X/L =0.7.

that both the smoothed and the unsmoothed schemes yield
very low steady state values of the dilation.

The convergence curves for the L 1-norm of the é-momen-
tum equation on grids I, II and III are shown in Fig. 5. The
linearity of all three convergence curves indicates that, for
all the three grids tested, the method converges almost
exponentially. Figure 6 shows the variation of the pressure
coefficient (C,=2P) and the friction velocity u, along the
waterline, for grids I, I, and III. Clearly, the two finer grids
(IT and TIT) produce identical results. The solution on the
coarse grid, on the other hand, shows some departure from
the other two—particularly as far as the friction velocity dis-
tribution is concerned—presumably due to the inadequate
resolution of the near wall region. Recall that on grid I the
first coordinate surface just off the wall is located at y * < 20,
almost everywhere, which apparently is not sufficient to
capture the near wall steep gradients of the turbulent
boundary layer.

The computed variations of the pressure coefficient and
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FIG. 10. Girthwise variation of the pressure coefficient and the
skin-friction at X/L =029.
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FIG. 11. Girthwise variation of the pressure coefficient and the
skin-friction at X/L =0.95.

the friction velocity along the waterline are compared, in
Fig. 7, with the experimental data of Sarda [20] and
Watmuff and Joubert [21]. The predicted pressure coef-
ficient agrees well with both sets of experimental data up to
x/L=0.9. Beyond this point the calculations follow the
measurements of Watmuff and Joubert, since Sarda’s
measurements predict smaller pressure gradients in the
stern region. As pointed out in Ref. [21], this difference
between the two sets of data could be due to the fact that
Sarda’s model was not precisely the same as the mathemati-
cal one—his being thicker in the stern region. The computed
variation of the friction velocity along the waterline is, also,
in very good agreement with the experimental data. Note
that the calculations capture accurately the continuous
thickening of the boundary layer—implied by the
decreasing friction velocity—as the stern is approached.
Figure 8 shows the variation of the axial velocity com-
ponents along the wake centerline (line O'FE in Fig. 2). As
can be seen, our calculations undc_rpredict somewhat the
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FIG. 12. Girthwise variation of the pressure coefficient and the

skin-friction at X/L =0.997.
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growth of the wake. This can be attributed to the inade-
quacy of the turbulence modelling to descride accurately the
evolution of a three-dimensional wake.

Figures 9 to 12 depict the variation of the pressure coef-
ficient and the skin-friction (C,= 2u?) in the girthwise direc-
tion. In all the above figures G denotes the girthwise arc
length of the cross section, measured from the keel. As can

0.000

be seen in Fig. 10, the girthwise variation of the pressure
and skin-friction is small at x/L = 0.7. However, as the stern
is approached—Fig. 11 to 12—the pressure increases from
the keel to the waterline and so does the boundary layer
thickness, as indicated by the decreasing skin-friction. To
demonstrate the ability of the proposed method to produce
a smooth pressure field on non-staggered computational
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FIG. 14. Contours of constant Cp in the trasverse section X/L =09.
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-0.150

meshes, we show in Fig. 13, 14, 15, and 16 the calculated ~ Stokes equations in generalized curvilinear coordinates on
contours of constant pressure on the surface of the hull as  non-staggered grids. Through numerical experimentation

well as in several cross-sectional planes. we showed that the method produces small values for the
discrete dilation with the computed pressure being smooth.
CONCLUSIONS We applied the method to calculate the three-dimensional,

We presented an accurate and efficient primitive variable turbulent flow field over a ship model. The computed results
method for the solution of the Reynolds averaged Navier— are in very good agreement with the experimental data.
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